FLEXIBLE PARTIALLY STABLE ALGEBRAS(")

BY
CHESTER E. TSAI

I. Introduction. A flexible power associative algebra A is a power associative
algebra satisfying the identity

(1.1 x,y,x) =0 for all x,y in 4,

where
(a,b,c) = (ab)c — a(bc).

This identity is equivalent to either one of the following identities provided the
characteristic of the ground field F is different from two.

(1.1a) x,y,2)+(z,y,x) =0 for all x,y,zin 4
(1.1b) )z + (zy)x = x(yz) + z(yx).

Let A be any power associative algebra, then A defines a commutative power
associative algebra A™, where A* has the same vector space as A and A has
as its multiplication the composition a - b = 1/2(ab + ba). Throughout this paper
we shall use x - y to indicate the product in A to distinguish from the product
xy in A and the term algebra to mean finite dimensional algebra.

In the sequel we may need a useful identity

1.2) x-y)z+ @ yx=x(y2)+ 2z (yx)

which is obtained from adding (yx)z + (yz)x to both sides of (1.1b).
Let u be an idempotent of 4. One may obtain the Pierce decomposition of 4
with respect to this idempotent u as:

A=4,1)+ 4,(3) + 4,0 (vector space direct sum)

where 4,(1), =1, 4,0, is a subspace of 4 such that x is in 4,(1) if and only
if ux + xu = Ax.

It is well known ([1]) that if 4 is a flexible power associative algeara, the 4,(1)
and A,(0) are orthogonal subalgebras of A4, and A4,(1)4,(3) < A,(3) + 4,00);
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4,3)4,0) s 4, + A40); 4,04,3) = 4,3)+4,(1); 4,3)A4J0) = 4;(3)
+4,(1);4,3) 4,3) = 4,(1) + 4,(0).

A flexible algebra will be called a u-stable algebra if 4,(1)A4,(3) € 4,(3),4=0,1.
A will be called a stable algebra if it is u-stable with respect to every idempotent
u in A. A flexible algebra will be called a u-nilstable algebra if 4,(1)4,(3) € 4,(3)
+N;_;, A=0,1, where N, and N, are nilsubalgebras of 4,(1) and A4,0) re-
spectively, ([8], [12]) and will be called a nilstable if it is u-nilstable with respect
to every idempotent u .

It is known that every simple, flexible, strictly power associative algebra has
a unity element 1 ([11]). An idempotent u is called a primitive idempotent of
A if in the Pierce decomposition, 4,(1) contains no other idempotent besides u.
The unity element 1 is a sum of pairwise primitive orthogonal idempotents
uy,u,, U, where t is a unique positive integer and is called the degree of 4.
A simple, flexible, strictly power associative algebra 4 over a field F of char-
acteristic not equal to 2 or 3 is an algebra of the following type: (1) a commutative
Jordan algebra, (2) a quasi-associative algebra, (3) an algebra of degree two,
(4) an algebra of degree one. Among these classes, the first two have been quite
thoroughly studied, and the last one has been recently studied by Kokoris and
Kleinfeld [10].

Two special classes of flexible algebras of degree two have been stud-
ied recently, ([9], [12]). It is known that every simple flexible power
associative nilstable (stable) algebra of degree two over an algebraically
closed field F of characteristic not equal 2, 3, 5 is!a J-simple algebra
[12].

In this paper we shall investigate the structure of a class of simple flexible
power associative algebras of degree two which are stable with respect to an
idempotent u. It is easy to show v = 1 — u is also an idempotent of 4. In fact,
AN =A4,0-2); A=0,1,1.

II. Simplicities of A and A*. Throughout this section the algebra A is
assumed to be of degree two and u-stable with respect to an idempotent u. The
notations A, will be reserved for 4,(1),4A=0,%,1 the comporent vector spaces
in the Pierce decomposition of A4.

THEOREM 2.1. Let A be a fiexible u-stable power associative algebra of
degree two over an algebraically closed field F of characteristic not 2, 3 or 5.
Then the algebra A is simple if, and only if, A* is simple.

This theorem is obviously true in one direction, for any (two-sided) ideal in
A is also an ideal in A*. Consequently, if A* is simple, so is A. In order to
prove the implication in the other direction, the following preparatory lemmas
will be useful. The proofs of some of these lemmas are straight forward and we
will omit them,
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LemMA 2.1. LetJ =M +M,;, +Mjbean A “ideal, where M, < A,; and
let a=a, +a,, + a, be an element in J, then a; is in J, A =0,%,1. Further-
more M,,M, are ideals of A and A respectively.

Let x =u +r be an element of Ay. Where r is nilpotent and r* =0. Then
(u + r)-(u —-r+ r2 4 (_1)3—1r:-1) =u,

the element x; ' =u—r+r2 4 +(=1)""'"1is in 4; and is the inverse
of x. We shall call x a nonsingular element of A, . A nonsingular element of
Ag is defined in similar fashion.

LEMMA 2.2. If both M, and M, contain nonsingular elements, then
J=A"*. If only M, contains nonsingular elements, but M, does not contain
nonsingular elements, then A =M, and J' =N+ M, + M, is also a
proper ideal of A*.

We ,then, shall assume that if J is a proper 4 *-ideal then J = M, + M,,, + M,,
where M, € N,,A=0,1.Let N = N, + N, and let Ay be the set of all quantities y
in A,,, such that for every z in 4,;,, y -z is in N. It is easy to show that Ay is
a subspace of A,,,. The subspace Ay will be called the singular subspace of
Ay

LEMMA 2.3. If J is a proper ideal of A¥, and J =M, + M, + M, then
M, < Ay.

Proof. It suffices to show thatif y is in M,,,, then y -z is in N for all z in
A,/ . Suppose this is not true, then there exists an element z in 4;,, such that
yz=o+n, and a#0. But yisin M, ,=J so a+n=y-z is in J. Hence
l=a"%(a+n)-(@—n+n?>+--)is in J, so J=A"*. This contradicts our
assumption.

LEMMA 2.4. Let Ay be the singular subspace of an algebra A and
N=N1+No, then N'ANQAN.

Proof. It is well known that a commutative algebra A of characteristics not
2, 3 or 5 is power associative if and only if the identity

4w-x)(y-z) + dw-y)(x-2)+4w-z)(x0)
QD =wlxyz+@2z)x+Ex)y]+x[(y:2)w+zw v+ y)z]
+ y[Ewrx+w x)z+x-2) wl+z-[(wx)y+(x-p)w+(y-w)x]

is satisfied by any elements x, y,x,w of A ([1]). Let x be in N,,y be in Ay, z
be in 4,,, and w =u. We have

@.2) 4x-(y-z)+2y-(x-z)+2z+(x*y)

=x2)+u(xyz+xz):y]+2x-(y-z)+2y-(x+2)+2z° (xy)
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using the facts u-x=x, u-y=4y, and u-z=13z. Since y-z is in N; + N,
x[(yz)u]l=x(y-z)=u-[x(y-2z)] is in N,. We have

23) x(yz) = u(xy)z+(x2)y]

Let (x-z):y=m, (x-y)z=a+n, where m, n are in N. Then,
u[(xy)z+(x-z)yyl=ou+n,+m; (ny=n-u, mi=m-u). However x is
in N,, so x-(y-z) is in N;, thus a=0 and (x-y)-z=n, is in N. It yields
N, Ay S Ay. Similarly Ny Ay S Ay .

COROLLARY 1. For every a in C=A; + Ay and y in Ay,a-y is in Ay that
is, C * AN ot AN . )

LEMMA 2.5. Let J=M, + M,,, + My be a proper A *-ideal; then,
M A1 S M+ A, + Mg, AypMy, EM + Ay, + M,

and
(M y241)12 = (A12My2)12-

Proof. It will suffice to show the following five statements.

(2.3.2) (My)2412)1 € My;
(2.3.b) (A412M;2)y = My;
(2.3.) (My)24,5)0 S Mo;
(2.3.d) (A12M,2)0 S Mo;
(2.3.¢) (My2412)172= (A1)2My)2)12-

Obviously (4,,,M;3)1/2 = (My24;)2)1/2,8inC€ Ay ;M) S Ayja* Myjz+My Ay
and 4,,,-M,;, = M, + M, follows from the fact that J is an 4 *-ideal. Let y
be in M,;,, zbein 4, yoz=my;+my, yz=au+t, +a,,+pv+t, and
zy = —oau + s, — a,;; — pv + s, where m; is in M;, s;, t;, a; are in 4;, and a,f,
are in F. Also let y*=uy—3iy=4%4y—yu, for all y in A,,. iSince
2u-z)y=zy=—ou+s,—ay; — v+ s, 2y (zu) = y:(z — 2z*) = y-z — 2y- z*
=m;+mo—2y-z* and 2u-(zy) = —2ou+2s;—ay,. Thus 2(y-z)u =
2y-(zu)+2u-(zy) —2u-z)y = —oau+s;+my+ pv—so+my—2y-z*. But
since y is in Ay it follows that « = f=0. Hence, yz=1t, +ay,+1t, and
zy = s, — ay;, + 5o where t;, s; are in N;.

Furthermore, 2m; = 2(y-z)u = s; + my — sq + my —2y - z* and since ye My,
so y-z*¥isin M, + My, thus s, is in M, and s, is in M. Similarly ¢, is in M,
and t, is in M,.

LEMMA 2.6. For each x in Ay, and y in A,;,,xy is in N+ Ay;,, and yx
isin N+ Ay),.



52 C. E. TSAI [March

Proof. As in Lemma 2.5, we need to show the following five statements.

24.2) (AnAy2)1 = Ny
(2.4.b) (A1/24x8)1 € Ny
(2.4.0) (AyAy12)0 S No;
Q4d) (Ay248)0 S No;
(2.4.¢) (AxAi2) 12 = (A124N)12-

Again (2.4.¢) is obvious. Let zeA,,,, then 2(y-z)u =2n;; 2u-z)y = zy=
@Y1+ @)z + (2903 2y (zu) = y-(z —22*) =y z — 2y z* = n; + no— 2y-z*%;
and 2u+(zy) = 2zy); + (z29)y2 - Thus by (1.2) we have 2n, + (23, +(20)1/2 +(29)o
=n,; + no—2y-z* + 2(zy), + (z),,2, hence (zy), is in N, and (zy), is in N,.

Note that y isin Ay so y-z*isin N=N,; + N,.

LeMMA 2.7. If Ay is the singular subspace of Ay, then N;Ay < Ay, and
NoAy S Ay.

Proof. Applying x in Ny, y in Ay and z in A,;, to the flexible identity
(xy)-z=—(2zy) x+x(y-2) + z(y*x), we find (zy) is in 4;,,Ay = N + A, by
Lemma 2.6 so (zy) x isin Ny + A,;,; y*z is in N, + N, by definition of y so
x(y-z)isin Ny;and y-xisin Ay, z(y-x) isin A,,,Ay S A;;, + N by Lemma 2.4
and Lemma 2.6. Thus (xy)-zisin N + 4,,,.

On the other hand, xy is in 4,,,,(xy) -z is in A; + Ao, hence (xy)-z isin N,
or xy is in Ay.

COROLLARY. The relations CAy= (A, + Ag)AyS Ay; AyN < Ay and
AnC < Ay hold true.

LEMMA 2.8. Let J=M,+ M,,, + M, be a proper A*-ideal, then

(@ M;p,NcSM,+NM,<sAy; (b) M{CS M, + NM,), S Ay; and

(C) UAN o= AN‘

Proof. (a) If x is in N, and y is in M,,;, yx=2x"y—xy is in
My, + NM,,, < Ay, by Lemmas 2.4 and 2.7.

(b) M ,C=Mp+M;pNSM)p+M+NMp=M,,+NM,,< Ay

(c) IfxisinA;,andyis inAy,uy =%y + y*,yu + 1y — y*so x(uy) + y(ux)
=3xy+ xy* + 3yx + yx*, on the other hand, (xu)y + (uy)x =ixy — x*y
+ 3yx — y*x. But x(uy) + y(ux) = (xu)y + (yu)x, thus x-y* + y-x* =0, since
yisin 4, y-x* is in N, that means x-y* is in N, which in turn implies y* is
in Ay. Hence uy =4y + y* is in Ay.

CoRrROLLARY 1. If y isin My,,, then uy is in Ay; that is, uM;, < Ay.

COROLLARY 2. If y isin Ay and a is in A, then ay, ya both are in Ay.
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Proof. Let a=oau+n be in A;. Then ay=(au+n)y = a(uy)+ny =
o(uy)+ny is in Ay by Lemma 2.7. and Lemma 2.8. Furthermore, since
ya=y-(au+n)=(@/2)y+yn is in Ay+ Ay by Lemma 24. ,Thus
ya=2y-a—ay is in Ay.

LemMA 2.9. If y is in My, then vy is in My, +uM,,,, that is

VM, S My, +uMy,.
LemMA 2.10. Let J =M, + M,;, + M, be a proper A*-ideal, then
(2.5.a) A oM, = Ay;
(2.5.b) MiAy, S Ay;
(2.5.¢) Ay My = Ay
(2.5.d) Ay My = Ay

Proof. Letx,ybeinA;,,,mbein M,,thenm-(xy)isinJ = M; + My, + Mo;
(y*x)misin (4, + Ag)M,; € N,; and (mx)y is in M,;,4,,, S N + Ay, by Lem-
ma 2.5. Thus y-(xm)= —m-(xy)+ (y*x)m+(m-x)y is in N + 4,,,. But
xm is in Ay, y-(xm) is in A; + Ao, thus y-(xm)isin N, or xm isin Ay
aswas to be proved for (2.5.a). Similarly for (2.5.c).

LemMa 2.11. Let My, Ay, be as mentioned in Lema 2.5; then

2.6) (A12M112)112 = Myp2Ay12)12 S My,
= {y in Ay;|y-zisin M, + M, for all z in Ay,}.

Proof. Let m be in M,;,, and y, z be in A4,,,, then (zy)'m is in
J=M;+ M, +My; m(y-z) is in My,,(4; + Ag) = Ay by Corollary 2 of
Lemma 2.8; and z(y-m) is in A(M; + My)< Ay, by Lemma 2.10. Thus
(my)z = —@Cy) m+m(y-z)+z(y-m) is in M, + Ay + M,. But since
(my)-z = (my);-z + (my)y2-z + (my)o-z and (my),-z + (my)-z is in
Ay2, (my)y2-z is in My + M, follows. Thus (M,;,41,5)1/2 S M,;,. On the
other hand, (M:y)y;=0 so (my)y,=—(ym)y,. Thus (Ay2M12)1/2
= (M1/2A1/2)1/2 .

LEMMA 2.12. Let Ay be the singular subspace of Ay;;, then
(AyA112)12 = (A1248)1,2 S An.

Proof. 1t suffices to show (my),,, isin Ay if misin Ay and yisin 4,,,. Let
z be any element in 4,,,.We have: (a) (zy):m = (zy); m + (2y)1)2-m + (zy)o-m
isin Ay+ N + Ay = Ay + N by Lemma 2.4; (b) m(y-z)isin Ay(4; + Ay) S Ay;
and (¢) 4,,,N = Ay by Lemma 2.4 and u-stability, thus (my)-z= —(zy)'m
+m(y-z)+z(y-m) is in Ay+ N. On the other hand, (my)-z=(my),'z
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+ (my)y,2:z+(my)o. zisin Ay, where (my), : z+(my)o z is in 4, by u-stability,
thus (my),,; -z is in N, whuch means (my),,, is in 4, .
. Now we define the following notations:

MP = M, + N\M,;
- M@, = M, + NM,,, + M Aj;; + MoA,;, + uMy,,
2.7) + (A12M1)2)1)25
MP = My + NoM,;
J? = MP+ M@+ MP.

It is of interest to know that:
Lemma 2.13. MPc N,, i=1,0, and M@} < Ay.

Proof. The first statement is obvious, since M; < N; and the fact that N; are
subalgebras of 4;. The second half can be proved by Lemma 2.3, Corollaries to
Lemma 2.7, Lemma 2.10, the Corollary to Lemma 2.11, and Lemma 2.10.

LEMMA 2.14. Let J be a proper A*-ideal and M®,J® be defined as above,
then, AJ=J® and JA<J + AJ = JP.

Proof. AM, = A\M, + 4,;,M; + A;M,; = M{® + M)} = J®. Similarly
AMas M@+ MP cJ®, AM,,, = AM,, + A My, + AM,,,
+ (A2 M) + (AaMy)o S MEL + My + My = J® by the definition
and Lemma 2.5. Thus 4J < J®, moreover, JA< J + AJ =J®, for J is an
A*-ideal.

LeMMA 2.15. M P isan A -ideal, M is an A*-ideal.

Proof. Since M® = M, + NM,,A,-M® = A, -(NM,). Howeverd,"M, =M,
since J is an A¥-ideal, so it suffices to show 4, (NM,)< M{?. Let n,, and
n, be in N, m be in M, then m-(n,n,) is in M,(n;-ny)m is in NM; = N M,
and (m-n,)n; is in M\Nc M, + N;M,, by Lemma 2.3. Thus we have
n (nM) = —m-(nyny)+ (ny-n)m+(m-ny)n, is in M, + N\M, = M®.

LEMMA 2.16. Let J=M,+ M, + M, be an A*-ideal, then A,,M, <
M1/2+M1Al/2, and AI/ZMOEMI/Z-*-MOAI/Z'

Lemma 2.17. M{®,M{?) are subspaces defined by (2.7). Then
M@ Ay S MS; .

Proof. We shall first show (N;M,)-4,,, M(,% Let x be in A4,,;, n be in
N, and m be in M,, then m-(nx) is in M, A, S M, < M{}}, since J
is an A*-ideal; x-nisin A, and (x-m)misin M- 4,,, S M,;, + M, = M{?}
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by Lemma 2.15and (m - n)x is in M, A4,,, = M{2) since M, is an A{ -ideal. Thus,
x:(nm) = —m-(nx)+ (x-n)m + (m*n)x is in M{%.

Obv1ously, M, A, s M,,ZCMI,Z Thus
MP -4, =M+ Ay + (N M 1) Ax/z s M{).
This proves the lemma.
LEMMA 2.18. Let M{® be as defined by (2.7). Then

MP- 4 MP + M7);
(2.8)

MP A< M3+ MP.

Proof. M- A=M{®-4,+M®-4,,, + M- 4, = M P+ M{}} follows from
Lemma 2.15, Lemma 2.17 and the fact that M{?- 4, = 0. The second part follows
similarly.

LEMMA 2.19. Let M{}} be defined as above. Then.M(lz,i'Al sM{).

Proof. It suffices to show M{7}-N, = M{?}, for if y is in M{7} < 4,5, then
y-u=14%y. We shall complete the proof by showing the following six relations.

@@ M, N, M7,

(b) (NM,;;)'N, s M7,

(© (MlAl/z)'Nl QM}Q,

@) (Mody) N, = M,

() (uM,;) N, <M},

() (412M1;2)1)2° N, -—-M(J;'

(@) M,;,"N, S M,,, since J is an A" -ideal. -

(b) Let n be in Ny, a be in N, and m be in M,,;, then m-(an) is in
M,,,"N, EM,,ZCMI,Z, since J is an A*-ideal, (n- a)mCNlMl,ZCM,,Z by
definition, and (m-a)n is in M,;,N, = M,,; Thus n-(am) =—m-(an)+ (n-a)ym
+(m-a)n = MZ). Hence N,-(NM,,;) = M{).

(c) Let n be in N;, m be in My, x be in A;;;, then x-(mn) is in
Ay (MN;)) € M® by Lemma 2.17, (n-m)x is in M,4,,, < M?)} by defin-
ition of M{(3), and (x-m)n is in M,;,N, =M, + NM,,; =« M{?). Thus
n-(mx) = —x-(mn) + (n-m)x + (x-m)n in M{3). Hence N-(M,A4,,,) = M{3.

(d) Letnbein N,,mbemMo,andxbcmAl,z We have n-(mx)=(x-m)n
contained in M1/2N1§M1,2+N1M1,22M1,2, noted that nm=n-m=0.

() Let x be in M,,,, y be in Ny, then uy=yisin N; so x«(uy)=xy
is in My, = M3, (y-u)x = yx is in N,M,,, = M?), and (x-u)y =%xy is in
M,;,N S M, + NM,,, = M{2}. Hence we have y-(ux)= —x-(uy)+ (y-u)x
+ (x-u)y contained in M{Z}.

(f) Letabein 4,,,, m bein M,,,, and n be in N, by the Corollaries .of
Lemma 2.7, nm is in Ay and so (nm)-a is in N. Also a(m-n) is in
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Ay My, S M +(442My3)12+ Mo by Lemma 2.5, and n(m-a) is in
Nl(M1+M°)§M(12’, thus (am)-n = —(nm)-a + a(m-n)+n(m-a) is in
N+ (A1/2M1[2)1I2‘ But (am)’n = (am)l ‘n+ (am)llz'n + (am)o'n, and con-
sidering that (am);*n is in N,, and (am),-n =0, one gets (am),;,°n is in
(Ay2My2)12-

COROLLARY. Let M%) defined as above. Then M{(3)- Ao = M{}).

LemMa 2.20. Let M3} defined as above. Then

M3y -4, s MP + MP.

Proof. It suffices to show following six relations for the completion of the
proof of the lemma.

(29.3) My, Ay, = MP + MP;

(29.b) (NMy;) Ay € MP + M,

(29.c) (M Ay5) Ay S MP + MP;

(29.d) (MoMy;5) Ayp2 < M® + MP;

(29.6) (uM,;;) Ay = MP + M,

9.8) (412Myp2)1)2° Ayp2 S MP + M.

(@) Obvious My, Ay, S M; + Mo MP + M, since J is an A*-ideal.

(b) Letnbein N,xbein M,,,,and ybein A,,,, thennyis in NA,,, S A,,,
sox-(ny)isin My, Ay, S M+ My, (y-n)xis in A ;M S M+ My + Ay
by Lemma 2.5 and Lemma 2.11, and (x'n) is in N-M,,;, so (x-n)y is in
MA; M+ Mo+ Ay by Lemma 26 and Lemma 2.11. Thus
y(nx)= —x-(ny) + (y-mx + (x-n)y is in M; + Mo+ Ay. But y is in 4,,,,
nisin N, x is in My,,, y-nx is in A,;;° A/, S A; + A, and so v-(nx) is in
M; + M,.
~(c) Let m bein M,,x,y be in 4,,,, then (yx)-m is in M, +M,,; + M,
cMP +MP + Ay. Since m is in M, and J is an A*-ideal, m(x-y) is in
M, A, € M® by definition and, y(x-m) is in M;;,4,,, S M, + My + Ay by
Lemma 2.5 and Lemma 2.12. Thus (mx)-y = — (yx)-m + m(x-y) + y(x-m) is
in M@+MP+ Ay. But (mx)-yis in A4,,,°A,,, SA,+ Ao, hence (mx)-y is in
MP + M.

(d) Similar to (c).

(¢) Letxbein M,,,,and y bein A4,,,, by (1.2)

yo(ux) = —x-(uy) +(y-u)x + (x-u)y
= —x'(uy)+12yx +1[2xy
= —x-(uy)+xy
= x-(y —uy)
= x-(yu) is in M, + M,.
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(f) Let x,y be in A4,,, and m be in M,,,, obvious (yx) m is in
M +M,;;+Mo,m(x-y) is in M,;;(4,+A40) S My 3+ A M, 5+ AM,,, < M)
by Lemma 2.8 and by definition of M{?}, and y(x - m) is in 4,,,(M, + M)
S My, +MAj,+MoAy, M3, by the fact that J is A*-ideal and
AypMy € M®. Thus (mx)-y = — (yx)m + m(x-y) + y(x-m) is in
M, + M{f; + My-(mx)-y = (mx); -y + (mx);;2°y +i(mx),-y. Thus
(mx); - y+(@mx)o - y is in Ay;; so (mx)y, * y is in M, + M,.

THEOREM 2.2. J® is an A*-ideal containing J as a subideal of J*®. Further-
more, J is either a proper subideal of J*® or J is an A-ideal.

Proof. The first statement is a consequence of Lemmas 2.18, 2.19 2.20 and
by the definition of J®. Obvious J =J®, if J =J @ then 4J =J® =J, by
Lemma 2.14, similarly, JA < J @=J, thus J is an A-ldeal.

Lemma 2.21. JD® is properly contained in A.

Proof. By definition of M®and M§? and by Lemma 2.13, u is not in M
and v not in M§?, so we have, in fact, J(z) SN+ A4y,

LEMMA 2.22. Let M2 be as defined in (2.7). Then M{?} < Ay.

Proof. Since J® is a proper A*-ideal by Theorem 2.2, it follows from
Lemma 2.3 that M{}) < 4.

Let us now summarize the properties of J®. So far we have shown that
J®=MP + M7, + M{? is an A*-ideal, and is properly contained in 4*-ideal,
and is properly contained in A *. Furthermore, J® properly contains J if J is
not an A-ideal (Lemma 2.21). Finally, J®=M®+ M2+ MP where
M®P <N, i=0,1, and M{}}, = Ay as was proved in Lemma 2 13 and Lemma
2.22. J‘z’plays the same role in this chapter that J does, we may recursively
define the following terms:

(2.10) M®P = M,;
M(l})l = My;;
MG = My;
JO = MP i+ M, + M.
@11 MY = MP 4+ NMP;
MGEY = MY, + NMD, + MPA, ), + uM D, + (41:M D)y )55

ME*D = MY + NoMP;
J(i+l) — M(lH-l)_l_ Mgi/.;l)+Mg+l).

JM is just the A*-ideal J from which our discussion started.
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J® is the A*-ideal mentioned in Theorem 2.2, which properly contains J and
J?® and itself is contained in N 4+ Ay (Lemma 2.21). Along this line, we define
J® from J®, and the same conclusion can be obtained. Then J® is an A*-ideal
or J® properly contains J®, since simplicity of A is assumed. Hence,
JP =0 o0r J®IJP g® % g However, if JP =0, then JP’=J =0, and
we have proved what we want to show; otherwise J o J©®, J® 2 J(z), J®
properly contains J. We stay on the same track and obtain a sequence of strictly
increasing sequence of A*-ideals, JDc D j®c ...y gkt ...
none of J® = A*. But, A* is of finite dimension, so this sequence must have
finite length and we have

THEOREM 2.3. Let JV,J®, ... be the ideals obtained above, then there

exists a positive integer k such that J®=J**Y and furthermore, J® is an
A-ideal.

I

Proof. The first part of the theorem follows since A" is finite dimensional
while the second part follows from the definition of J**! and Lemma 2.5.

Now, we can go back and complete the proof of Theorem 2.1. We start with
an A*-ideal J, which is not equal to 4 ™ If J # 0, we construct J®,J@ ... J®,
an increasing sequence of A*-ideals, and by Theorem 2.3, we have J € J® = J Ger b,
and J = J® =0, which leads to a contradiction. On the other hand, if J is an
A*-ideal, such that J # A", then J =0. This means A * contains no proper
ideal which is exactly what we want to show, i.e. A* is simple. We have now
proved Theorem 2.1.

111. The structure of A. Since for every simple, flexible power associative

algebra A over an algebraically closed field F of characteristic not 2, 3 or 5 the
associated commutative algebra A+ is also simple. The algebra A is an algebra

of the type in [4], [5].

A flexible algebra over a field F of characteristic prime to 30is power associative
if, and only if, x?x? = (x2x)x for every x in A, which in turn means if, and only
if, the equation (3.1) below is satisfied by every element x, y,z,win 4.

(xy + yz)(zw + wz) + (zw + wz)(xy + yx) + (xz + zx) (yw + wy)
+ (yw + wy)rz + zx) + (xw + wx) (yz + zy) + (yz + zp) (xw + wx)
Gy = [(yz + zy)w + (2w + w2)y + (yw + wy)z]x + [(xz + zx)w +(xw +wx)z
o wz Aoy + [Gy+yow + Ow+wyx + (ow + wx)ylz
+ [y + yX)z + (2 + zy)x + (xz + éx));]w.

An element y in A, is called a nonsingular element if y* = a + z, where z
is nilpotent and « is in F and not equal to zero.
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If A is simple and u-stable, then there is a nonsingular element y in 4;,,. There
exists an x in F(y?), the algebra generated by y? over F, such that w = x-y is
in A,,, and w? = 1. (See [3], [4]; [5], [6] and [12].) a

LEMMA 3.1. Let B be the set of all elements b of C= A, + Ay, such that
b=(b-w)-w. Then, B* is a subalgebra of C*, both A} and Ag are isomorphic
to B* and A}=u-B, A =v'B, C*=B*+2z-B*. Furthermore,
B* = F(x,,x;,+,%,) is the truncated polynomial algebra generated by r
variables.

The proof of the Lemma is given in [3] and [12]. It was also proved that if a
and b are in B, then (w-a)-b = (w-b)-a =w-(ab), w-a)-(w-by = a-b and
w-(B*-z)=0and w-(a-u)=w-(a-v)=1/2(w-a). It was also shown ‘that the
subspace A4;,, can be decomposed as A, =w-B+ G, where G consists of
element g of A4,,, such that w-g=0.

For every ¢ in C we have w(w-¢) =(w-c)w in B. In particular, if ¢ is in B,
then ww-c¢)=(w-c)w=c. If x is in 4, and w is in 4,,,, then u(wx) = (xw)u.
If x is in Ay, then u(xw)=(wx)u. Also, if c is in A,, then, 2((c-w)w), =c. If b
is in B, then, 2((by* w)w), = b; = 2((b; - w)w), .

We shall develop further some structure properties of 4.

LeMMA 3.2. The subspace Ay, can be represented as:
(3.2 A1/2=L=(y0.Ba y1'B,,ym"B),

where y;’s are m + 1 linear independent elements in A,;,. If a and b are in B,
then, (y;"a):b = b-(y;ra) = yi-(a'b), and (u-a):(y;b) = (v-a) (y:i'b)
= }yi-(a'b).

Proof. The subspace A4, is same as A}, . (3.2) is given in [4].

LEmMMA 3.3. For i=0,1,---,m and an arbitrary element x in B, it follows
that

(3.3) Xy; = yX = y;*X.

Proof. Applying (3.1), we let x = x in B, y = y; in 4,;, z =u, and
w=v. We make use of the orthogonality of 4, and A, and of the fact
ua = au = a, and va =av = a,, where a = a; +a,, for every a in C.
We find:

2x1y; + 2yi%1 + 2Xoy; + 2yix0 = (yu + yi)x
+ ((xy; + yix)v + yix + 2x0y))u

+ ((xy; + yix)u + yix + 2x,y)v.



60 C. E. TSAI [March
Continuing to simplify, consider x, = xv =vx, x; = xu = ux, we have
2y, = ((xy: + yix)v+ 2xoy)u + ((xy; + yix)u + 2x,y,)v
= (xydu+ (yx)v + (xv)y; + (vx)y,)u
+ ((xydu + (yix)u + (xu)y; + (ux)y)v
= ((xy)v + (xv)y; + y(xv) + v(xy))u
+ ((xydu + (xu)y; + yixeu) + u(xy))v
= 2((xy) v+ xo° yJu + 2((xy) u + x4 yJv

xy; + 2(xo " yu + 2(xy* yo

xy; + 2[(v- %) yJu + 2[(u-x)- y.Jo
= xy;+ (Vi x)u + (y; x)
= xy;+yi'x

by using the flexible identity (1.4) and Lemma 3.2.
Hence, xy;=yx=x'y;=y;"x.

LeMMA 3.4. For i=0,1,---,m and arbitrary elements a and b in B, then
the following equations hold.

(3.4 a(yb) = (yib)a = a-(y:b)
and
(3.5) a(yb)=a-(yb)=a-(y;"b)=y;(a-b).

Proof. Relation (3.5) follows directly from (3.4), : “mma 3.2 and Lemma 3.3,
so we need only to show (3.4). For this purpose we apply (3.1) letting x = a, y = y;b,
z=wu and w = v. Similar to that in Lemma 3.3, we find

2ay = [(ay + ya)v + 2a,y]u + [(ay + ya) + 2a,y]v

= [(ay)v+(av)y+(ya)o+(va)yJu+[(ay)u+(aw)y+ (ya)u+(ya)y]v
[(@y)v + (av)y + y(av) + v(ay)]u + [(ay)u + (au)y + y(au) + u(ay)]o
= 2(v-(ay) + ao* y)u + 2(u-(ay) + a, " y)v,

by the flexible identity.
Considering ay in A,;,,, we have u-(ay)=v-(ay)=%ay, and also
ag'y=ag (y;°b)=%y;"(a-b)=%a-(y;-b) by Lemma 3.2. Hence,
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2a(y;b) = 2[a(y;b) + a*(y:b)]u + [a(y;b) + a*(y:b)]v
and
2a(y;b) = a(y;b) + a-(y;b) or a(y;b) = (y;b)a =a-(y:b),

which is what we wanted to show.
THEOREM 3.1. Every element in B commutes with every element in A,,,.

Proof. If z is in A;,,, then, by Lemma 3.2, z = yoXo + y;1X; + *** + YmXm>»
where the x;’s are in B. Hence for every a in B, az = a(yoXo + y1X1 + *** + YuXm)
= (YoXo + y1%; + *** + YnXn)a = za by Lemma 3.4.

LemMmA 3.5. If a and b are elements of B, then b(aw)=w-(ba) and
(wa)b =w-(ab).

Proof. Since w is in A4;,, and B* is a subalgebra of A*, by Theorem 3.1
wa=aw=w-a, and 2(a-b)-w=2(a-b)w =2w(a-b), but 2(a*b):w =2b(a-w)
by Theorem 3.1. Combining these results, we have w(ab) + w(ba) = b(aw) + b(wa).
Since by the flexible identity (1.4) (wa)b + (ba)w = w(ab) + b(aw), we have
w-(ba) = b(aw) = (wa)b.

It is also known that B is a subalgebra of 4 and both A, and A, are isomorphic
algebras of B. (See [12].) In fact:

THEOREM 3.2. The subalgebra B is a commutative associative subalgebra
of A. In fact B=B*, and thus A, = A} and A,= A;.

Proof. We need only to show this for arbitrary elements a and b in B. To-
ward this end, we see that w is in A4,,,, so wa,aw are in A/, by u-stability of 4.
Then, by Theorem 3.1 and Lemma 3.5, w- (ba) = b(aw) = (aw)b = (wa)b = w-(ab),
and we have w-(ba) = w-(ab). However, ab and ba are both in B by Lemma
3.6, hence, w*(w-(ba)) = w-(w-(ab)) or ab = ba, which is what we wanted to
show.

A linear transformation of an algebra B is called a derivation on B if it satisfies
the identity (xy)D = (xD)y + x(yD) for all x, y in B.

It is easy to show that every derivation of B is also a derivation of the attached
algebra B*. However, in general, a derivation of B* is not necessarily a deriv-
ation of B. In the special case we discuss in this chapter, the algebra B is a
commutative subalgebra of A, hence B = B*, and every derivation of B is a
derivation of B. An ideal, J of B, is called a D-ideal, if JD = J, where JD
designates the image set of J under the derivation D. An algebra B is called
D-simple if B does not contain a proper D-ideal. Let 2(D) be a set of derivations
of B, then B is called 2-simple if B is D-simple with respect to every derivation
D in 2(D).

Applying the result of A. Albert and L. Harper [4] and [6] to the isubalgebra
B of A, we may state
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THEOREM 3.3. Let A be a simple, flexible, u-stable, power associative algebra
of degree two over an algebraically closed field F of characteristic not equal
t02,3 and 5. Then the subalgebra B is 2-simple with respect to a set of (m + 1)*
derivations of B, subject to the condition that

(3.6) D; = -Dj, D;=0, i,j=0,1,---,m.

Furthermore, B = F(x,,--+,x,) is a truncated polynomial algebra of r genera-
tors over F such that x =1, and x* =0 for i =1,2,---,r, and p is the charac-
teristic of F.

LEMMA 3.7. Let y;,i=1,2,---,m, be as defined in Lemma 3.2 and a be
any element in B. Then

(3.7) (yia)u = (yiu)a;
u(y;a) = (uyja.
Proof. Applying the flexible identity (1.2), we have (a-y)u + (u-y)a
=a-(yu)+u-(ya). Since both y, and ya are in A,,, u'y;=3%y; and

u-(y;a) = % y;a. Furthermore, since a is in B, a-y; =ay;= y;a by Lemma 3.3.
Thus (y;a)u = (yu)a. Similarly u(y,a) = (uy)a.

LEMMA 3.8. Lety,,i=1,---,m, and a be defined as in the previous lemma.
Then

(3.8) u(y;a)

(wa)y; = ary;;

(yia)u = y(ua) = ya;.

Proof. By the flexible identity (1.1b), we have y,(ua) + a(uy;) = (yu)a + (auw)y;
or

(3.9) yiay —a,y; = (yawa — a(uy;) = (y:a)u — u(y;a)
by Lemma 3.7. On the other hand, since y;"a; =y, (u-a)=1y;-a=4%y,a by
Lemma 3.2, y,a, =2y;"a; — a,y;=y,a — a,y;. Thus

(3.10) yiay +a,y; = yia = (yia)u + u(y.a).
Adding (3.9) to (3.10), we have y;a, =(y;a)u. Similarly, a,y;=u(yu).

LEMMA 3.9. Let y;, i=1,---,m be defined as in Lemma 3.2, if uy;=%y,,
then ux =%x = xu for all x in A,,,.

Proof. Let x = yyao + yia; + -+ + Y@y, a; in B. Then
ux = u(yOaO + -t ymam) = (“)’o)ao + e+ (uym)am
= %[,Voao + e+ ymam] = %x‘

Furthermore, xu = ux = x —ux =x — 3x =%x. We have proved the lemma.
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